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The classical Shannon sampling theorem applies exclusively to bandlimited signals. This paper extends
the theory to a class of non-bandlimited signals that still permit exact uniform sampling. We introduce
a ladder-shaped filter with m real parameters, whose impulse response is a generalized Sinc function
obtained from finite Blaschke products. For the corresponding signal space, we establish a generalized
sampling theorem that reconstructs any signal from its samples {f(nw/Q)},cz using the multi-parameter
generalized Sinc kernel. Additionally, we prove that these signals can be analytically extended to a strip in
the complex plane, generalizing the Paley—Wiener theorem to the non-bandlimited setting. The proposed
framework bridges the gap between classical bandlimited theory and practical non-bandlimited signals,
providing both theoretical foundations and tools for signal processing applications.

Keywords: Shannon sampling, Generalized sinc function, Blaschke product, Ladder shaped filter.

1|Introduction

The Whittaker—Kotelnikov—Shannon (WKS) sampling theorem is a cornerstone of signal processing and commu-
nication theory: if a signal f € L?(R) is bandlimited, i.e., its Fourier transform f is supported in [—€2, ], then
f can be perfectly reconstructed from its uniform samples {f(n7/Q)}nez :

sinx

f(t):Zf(n%) Sinc(Qt —nm),  Sinc(x) = =~

ne”Z

From the viewpoint of function spaces, all bandlimited signals form the Paley—Wiener space PWq:
PWq = {f € L*(R) : supp f C [-Q,Q]}.
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The Paley—Wiener theorem further reveals the deep complex-analytic nature of this space: f € PWgq if and only
if f can be analytically extended to an entire function of exponential type at most €2 on the whole complex
plane. Specifically, f can be represented as

Q

fz)= / g(t) e dt, g€ L*[-Q,9], zeC,
-Q

and satisfies the exponential growth estimate | f(z)| < Ce®!™ 2|, This entire-function property not only explains

why bandlimited signals have strong regularity, but also provides a complex-analytic guarantee for the validity

of the sampling theorem.

The Paley-Wiener space PWq, is a closed shift-invariant subspace of L?(R): for any f € PWq and any 7 € R,
the shifted function f(t) = f(t — 7) also belongs to PWq. More precisely, PWq, is generated by all translates
of the Sinc function, {Sinc(Q2 — nw)}hez, which form a Riesz basis for the space. From a systems perspective,
the reconstruction process in the classical sampling theorem is equivalent to feeding the impulse train into an
ideal lowpass filter — a linear time-invariant (LTT) system. The image space (all possible outputs) of an LTI
system is precisely a shift-invariant subspace, and the Paley—Wiener space is the most typical example within
this framework.

A natural question is whether there exist non-bandlimited signal spaces that still allow perfect reconstruction
from their uniform samples. Such signals are abundant in engineering (e.g., those with exponentially decaying
spectra), and the ability to sample them at the Nyquist rate would greatly simplify system design. In this
paper we construct a class of such signal spaces and establish a corresponding sampling theorem. Within the
shift-invariant subspace framework, this problem is equivalent to asking whether one can find a generator ¢
other than the Sinc function such that the family {¢(t — nw/Q)} ez spans a closed shift-invariant subspace that
is non-bandlimited but still admits stable uniform sampling.

To systematically address this question, we resort to complex analysis and Hardy space theory. Consider
the conformal map z = €“/© which maps the real frequency axis w onto the unit circle dD. Under this
mapping, shift-invariant subspaces of L?(IR) correspond to shift-invariant subspaces (i.e., subspaces M satisfying
zM C M) of the Hardy space H%(D) on the unit disk. Beurling’s theorem (1949) gives a complete classification
of shift-invariant subspaces: every non-zero closed shift-invariant subspace M C H?(D) has the form

M = ©H*(D) := {6(2)F(z) : F € H*D)},

where © is an inner function, i.e., © is analytic in D, |©(2)| < 1, and its boundary values satisfy |©(e?)| = 1
almost everywhere. Inner functions factor into a Blaschke product (determined by their zeros) and a singular
inner function. Beurling’s theorem tells us that every closed shift-invariant subspace corresponds uniquely to an
inner function. The Paley—Wiener space PWq corresponds, in the Hardy space framework, to the trivial inner
function ©(z) =1 (or O(z) = 2™, depending on the chosen conformal mapping), whose generated subspace is
exactly the bandlimited signal space. Hence, to construct non-bandlimited shift-invariant subspaces, it suffices
to choose a non-trivial inner function as the generator.

In this paper we focus on the simplest class of non-trivial inner functions — finite Blaschke products:
m—1

Ba(z)= [ +—2, a5 (-1, (1)

1—a;z

§=0
These inner functions are rational, determined by finitely many real parameters {a;}, and their boundary
values satisfy |Ba(e?)| = 1. In contrast to the Paley-Wiener space which corresponds to entire functions of
exponential type, the subspace M = B, H? generated by a finite Blaschke product has finite codimension m,
and its orthogonal complement is spanned by m reproducing kernels — a property that exactly corresponds to a
“finite-parameter” filter. By applying the inverse conformal mapping, the boundary values of M = B, H? will
give rise to a signal space that is non-bandlimited yet still allows uniform sampling, and whose generator (the
generalized Sinc function) is a generalization of the classical Sinc function. The classical Paley—Wiener space
PWoaq is recovered as the degenerate case where all a; = 0; in that case the Blaschke product reduces to 2™, and
the generalized Sinc function reduces to the classical Sinc function.

To construct such non-bandlimited generators, we first introduce a nonlinear phase via the M&bius transform.
The boundary value of the monomial 2™ on the unit circle is the harmonic signal e!**. We replace this elementary
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function by the Mobius transform

z—a

1—az’

whose boundary values are unimodular. Defining its phase function through
it

Ta(2) = a €D,

i0a(t) _ ity . € —a
¢ = Ta(e”) = 1 — aeit’
we obtain the explicit formula
|a| sin(t — t,)

0.(t) =t + 2arctan a = |ale’s. (2)

1—|a|cos(t —tq)’
The instantaneous frequency, i.e. the derivative of 8,, is the Poisson kernel

. 1—|a
walt) = 0a(t) = T 5t — ) T el

2|A Ladder-Shaped Filter of Multiple Parameters and General-

ized sinc Function

We now detail the construction of the ladder-shaped filter generated by finite Blaschke products. Partition R
into symmetric intervals

I,=(-(n+1),-n]U[n,n+1), n=0,1,2,...,
and define a piecewise constant function H by H(x) = ¢, for x € I, where {c, } € £*(Z) is extended symmetrically
via ¢_,_1 = ¢,. Equivalently,

H(‘r) = Z ch[O,l)(m - n) = Z ')/nX[—n,n)(x)
n=1

neZ
with v, = ¢p—1 — ¢ (n > 1) and 9 = 1 — ¢y. The z-transform of the sequence {c,} is denoted by F(z) :=
Yoo o cnz™, and that of {v,} by D(z) := > 7 ;v,2". Under exponential decay ¢, = O(A"), A € (0,1), both
series converge in a neighbourhood of the unit disk, and a direct calculation yields
D(z)—-1

D(z)=1+4(z—1)F(2), hence F(z) = 1

Choosing D = B,, a finite Blaschke product with distinct zeros a; € (—1,1), we obtain
Ba(z) -1
z—1
(Hereafter we drop the subscript and write F' for F, to simplify notation, but it is understood that F always

refers to the function associated with the parameter vector a. This convention emphasizes the dependence of the
filter coeflicients on the chosen parameters and avoids confusion with generic functions.)

Fa(z) =

With this convention, the coefficients ¢,, take the explicit forms

m—1 n
a™
co=1—Ba(0), ¢, = —)— (n>1),
: JXZ:O (1 —a;)Bg(ay)

m—1 n—1

— B, (0) =N S (=)

Y0 a ) Tn : B;(aj) = .

7=0
In the Mobius case D(z) = £=%, we have ¢, = (1 + a)a™ and v = —a, 7, = (1 —a?)a""'. For a = 0, this

-
reduces to ¢g =1, ¢ =0 (k > 1), soFa(z):1,70:0,71:1,7k:O(k22),andH—X[_11].

The rational function F,(z) (with its removable singularity at z = 1 removed) admits the partial fraction
decomposition

_

m—

3)

<.
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where the constants c¢; are determined by residues at the poles z = 1/a;. This form is advantageous because

each term litjz expands into a geometric series > - ™ directly giving the Taylor coefficients b, of Fa(z).

nO]

In order to determine the values of ¢;, we compute the residues of Fu(2) at z = ai Foremost, the residue of
J
Ba(z) at z = L is

aj

. 1 et z—ap ) 1. z—a; . z — ay
fielsBa(z) = hrnl(z——‘)Hl_iz llnll(z—f)l_ J lim Hl—i
z_a—j z—)a—j a; E—0 Az z—}Tj a; ajz z—)a— Kt Az

42
1 —af 1 -y
_ I3
G s 4 Tk
1

And then using the residue of By(z) at z = a%, we can obtain the residue of F,(z) at z = © easily.

1.B -1 1.B 1.1
Res Fo(z) = lim (2 — —)A = lim (z — —) al2) _ lim (z — —)
=1L 2—L aj z—1 2—L a;j” z—1 2oL aj z—1
J J J J
1 1 aj 1—aj 1 —aga;
— 1 — 2)\B — J _ J J
z—l>nai z—1 (Z aj) a(Z) 1-— Q; a? kl;]; a; — Gk

14a H 1—aga;
Q by a; — ag

In the partial fraction decomposition (3), we also consider a fixed pole z = i For the term with k = j, namely
ﬁ, it has a pole at that point. For the terms with k # j, these terms are analytlc at 2 = — Consequently,

when computing the residue of F,(z) at z = 2

actually has a pole; the contributions from the other terms are zero. The residue of the partial fractlon term

= atz:%is
J

l—aj;z
lim (z = —)7—~— = —-L.
= a;"1—a;z a;
We computed the residue of Fj(z) at the pole z = == in two different ways and obtained two results. Without a
doubt, they are equal. Thus, by setting them equal we can solve for ¢;:
G 1 + a; H — axa;
aj J k#j .7 — Ak ’
1—aga;
c; = (1 i e
7] (1+ay) H a; — ax
k#j

Once we have the value of ¢;, we can obtain the complete expression of the partial fraction decomposition. And
then expand each fraction z = as a geometric series

1—aj Za "

l—a;z

= Jaj]
Therefore,
m—1 +oo [m—1
R0 = S (L) - X (S o)
Jj=0 =
The Taylor coefficients are



Generalized sinc functions from rational functions and applications in signals 279

Having got the series {b,}, we consider two special examples. When m =1, b,, = (1 + ag)aj}; when m = 2,

1 — apaq [

by = (1+ ao)af — (1 + ar)af].

apg — a1
Apparently, they are the situations considered in preliminary researches.
In a LTT system, we denote Hiq o)(w) by

m—1

m—1
— arpQa; n
Hiq, o)(w cha Z H — (1+aj)a}, wel, (4)
7=0

i=0
where I, = (=(n + 1)m, —n7] U [nm, (n + 1)7). Because a; € (—1,1), lim|y|— oo [H{q,01(w)] = 0.
Note H{, g)(w) has the following property:

Hig,0)(w) = ha (29 ), (5)

m—1
W) =Y ¢jHp,.0), (6)
§=0

oo |m—1
Hia,op(@) = 3 | 3 &1+ a3)a; | (xuo.asn e () -
1=0 | j=0
Let g denote the impulse response of the system. Its Fourier transform is given by

A W):T:z::olcjﬁ%(;éw)v w e R.

Applying the inverse Fourier transform to both sides yields the corresponding time-domain representation
20 "o~ 20
gt) = — z:o ¢; ha, (Wt> , teR
=

Next, we extend the Sinc function by the following lemma.

Lemma 1. Given multiple real parameters ag,ay,...,am—1 € (=1,1), all distinct, define the phase functions
Oa,(t) by (2), then
1-— a

ind,, int. 7
sin o, (t) = 1—2a]cost—|—a s 0

Consider the sum 64(t) = Z;n:?)l Oa,(t), sinfq(t) can be decomposed into a linear combination of sinf,,(t).

Proof: Note
it
efa(t) — i0a; (1) _ € —a
e -5
7=0
Set
m—1 2 as
G = J
(Z> H 1—a;z
7=0

The desired sine is sin 04 (t) = Im G(e’). G(z) is a rational function. Its denominator 1 — a;z has simple poles
at z = L (Since |a;| # 1, these poles lie outside the unit circle). It can be expanded as
J

m—1

A
2o

Jj=0
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where the constant C' and coeflicients A; are to be determined. The coeflicients A; are given by residues

A, lim (1 —-a;2)G(2)
2=
J
m—1 2 a
— Qg
= 1 1—a;
[Jim (1-a;2) II; 0
g k=0
Z — ag
= lim (z —aqj) H
o Py 1—apz
1-—- CLJQ H 1—aja
. A5 — af
J k#j J

m—1 m—1
c=(-1n" a; — Aj
§=0 §=0
Since C' is real, thus
m—1
1
7=0
In addition, we have }
1 B 1—aje ™

1—azet  1—2a;cost+a?’

1 ajsint
Im — | = 5-
1—ajet 1 —2a; cost + a;

1 a; .
Im (1 — aje“) =1 sin g, (t).

whose imaginary part is

We also know (7), hence

Therefore,
m—1 1
7=0
m—1
1-a 1—apa
= : H . 7a? 13 2‘sta](t)
§=0 Tk R J
kE€Zm
m—1
1
— H Ak sin 0, (t),
=0 P ap — aj
kE€Zm
as well as
m—1 m—1 1— ana;
sin 04 (t) = sin Z Oa,(t) | = Z H ﬁ sin g, (t).
J=0 J=0 \ k#j
k€Zm,
(]
Now we define our generalized Sinc functions. Dividing both sides by t gives
—1
. sinfa(t) g sin 0 1 —apa;
Sinca(t) = —— = Y fi— aJ Z BjSinca, (1), =[] —+ (8)
j=0 =0 ket Ok 7

kE€Zm
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We call the function Sinc, a generalized Sinc function of multiple parameters {a;};cz, . When m = 2,

m

1—aqas 1 —aias

=2 gy =B,

a; —asz Az — ai
Apparently, this decomposition matches exactly the coefficients of ladder-shaped filters.

3|A Sampling Theorem for Non-Bandlimited Signals

The classical Whittaker—Kotelnikov—Shannon theorem reconstructs a bandlimited signal from its uniform samples
via the Sinc kernel. For a signal f € L?(R) with supp f C [-, ], one has

Zf(mr> sin(Qt — oo )7 LeR

neEZ
Equivalently, the Fourier transform of f is a single period of the 2Q)-periodic function

Mya(w) = Zf(mr) —hane w € R,

ne”Z
truncated by the indicator of [—, Q]. This motivates the definition of the bandlimited space

Bo = {f € L*(R) : f(w) = Mpo(w)X-a.0@)}-

We now extend this notion to a non-bandlimited setting by replacing the rectangular window with the multi-
parameter ladder-shaped filter H, o defined in (2.5). Let

Ga = {f € L*R): f() = Myo() Hao(w), w €R},  a=(ao,....am1) € (~1,1)"
When all a; = 0, the filter reduces to x[_q o) and G40 = Ba.
The main sampling result for this space is as follows.

Theorem 1. A signal f belongs to G4 q if and only if, for every t € R,

: m—1
B Z f(@) sm(ijo Oa, (U — nﬂ'))
B Q Qt —nw ’
neL
where 84(t) is the phase function defined in (2.2).

Proof: The proof is a direct multi-parameter extension of the two-parameter case established in
[Chen et al.(2008)Chen, Wang & Wang]. For completeness we outline the main steps.

From the definition of G4 o and the series representation (2.5) of Hq o, we have

co m—1
flw) = My o(w) i (14 aj)al xpo, a0 (),
1=0 j=0
with ¢; given by (2.4). Using the identity
Yo+ a)abxpo,ana (@) = (1= a3) >~ af "X i0u0) @),
=0 =1

and interchanging summation (justified by |a;| < 1), we obtain

o () "“Zw—a >l o ).
=1

Applying the inverse Fourier transform and using
iz ; 200 sin(IQ(t — Zn))
e~ tanw,y w ezwt dw = Q ,
/o [m X[-10,10] (W) Bx Q- En)
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we get
m—1

nw sin 0% Zn)

nez 7=0

The elementary identity
sinf,(t) = (1 — a?) Z a'~Lsin(lt)

and the linear decomposition (2.9) of the multi-parameter generalized Sinc function yield

m-1 Sin(z;’;gl 0, (2))
¢; Sincg; () = =: Sinc, (),
x

7=0
with 2 = Q(t — &n). Therefore

Zf( )Slnca( t—mr),

nez
which is exactly the desired reconstruction formula. The converse follows by reversing the Fourier transform
steps, Since the uniform samples {f(n7/Q)} uniquely determine My o and hence f via the filter H, o. O

Remark. Theorem 0.2 reduces to the classical Shannon theorem when m = 1 and ag = 0; it also covers the
two-parameter result of [Chen et al.(2008)Chen, Wang & Wang] when m = 2. For general m, the reconstruction
kernel is a finite linear combination of one-parameter generalized Sinc functions, which provides additional
flexibility in shaping the frequency response.

4|Characterizing the Space G,

In this section we establish the analyticity of signals in G4 o in a strip around the real axis. This is a natural
generalization of the Paley—Wiener property of bandlimited signals. The key ingredient is the following lemma,
which extends Lemma 4.1 of [Chen et al.(2008)Chen, Wang & Wang] from one parameter to the multi-parameter
setting.

Lemma 2. Let g be defined by §(w) = My .o(w)Hao(w), where |a] <1 and H, o is the one-parameter ladder
filter (1.10). Then g has an analytic continuation to the strip

1 1
Sa:{zz+iy: n|a|<y<n|a|7$€R},

Q Q

and inside this strip it satisfies
Ca Q
[ et el —
9() < T tarrann

for some constant Cq o > 0.

Proof: The proof follows exactly as in [Chen et al.(2008)Chen, Wang & Wang, Lemma 4.1]: split the Fourier
integral into positive and negative frequencies, use the 2Q-periodicity of My o and the exponential decay of H, o
to sum geometric series and apply Morera’s theorem. The bound is obtained by estimating the geometric series

in the half-planes y > |“| and y < — 2 |z“|, -

Remark. The strip width is determined by the pole of the rational function 1/(1 — ae™***!), which corresponds
to the exponential rate of decay of the filter coefficients.

Now we state the main characterization theorem for the multi-parameter space.

Theorem 2. If f € Gq,0, then f admits an analytic extension to the strip

' : In |a;|
a-—{Z—$+2y~_’7<y<’y,l‘€R}, 7._O§j121£_1{_9 ,
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provided all a; # 0; if some a; = 0, the corresponding strip is infinite in that direction, and the overall strip is
determined by the nonzero parameter with smallest |a;|. Moreover, inside Sq, the extension satisfies the estimate

Oa,Q
lf(2)] < PP e

where Cq q 15 a constant depending on a and ().

Proof: Using the decomposition (2.7) of the multi-parameter filter,

m—1
Hoow) =Y ¢jHa, ow),
j=0
we split the Fourier integral into positive and negative parts:

+ 1 e izw
(z) = \/—27_/0 e** My o(w)Hq 0(w) dw.

By linearity,

m—1
+
@)=Y ff(2),
j=0
where fjjE are the corresponding integrals with H,; o. Lemma 0.3 implies that each f; := f;r + f; is analytic in
the strip S,; and satisfies the bound
Ca; .0
()] < ek .
i) < T3t oD

Therefore f = f+ 4+ f~ = Z;.":_Ol c; fj is analytic in the intersection of all S, ;, which is precisely S, because

m—1
1 ; 1 ;
ﬂ Sa].—{z: maxna]<y<min<—w>}—{z:—'y<y<'y},
i—o J Q j Q

with v = min;{—1In|a;|/Q}. The estimate follows by taking the maximum of the individual bounds and using
the fact that In |a,;| < —y for all j; hence

m—1 C Q C
< ) aj, < a,Q .
If(2)] < E . |Cg|1 — e2(nfa;[+Qlyl) = 1 — e2—v+Iy])
=

This completes the proof. O

Corollary. The space Gg,q is a closed shift-invariant subspace of L?(R) generated by the multi-parameter
generalized Sinc function Sinca(€2t). Its elements are not bandlimited unless all a; = 0, but they possess a
well-defined analytic structure in a strip whose width depends on the parameters a;.

Closing remark. Theorem 0.4 shows that, although the spectrum of f € G4  is unbounded, the signal decays
exponentially in the frequency domain (as |a;| < 1) and thus can be extended analytically off the real axis.
This is the non-bandlimited analogue of the Paley—Wiener theorem. The strip width « is determined by the
slowest decay rate among the constituent one-parameter filters, i.e., by the parameter with largest |a;|. The
multi-parameter framework provides a flexible hierarchy of non-bandlimited signal spaces that interpolate
between the classical bandlimited space (all a; = 0) and more general shift-invariant spaces generated by rational
inner functions.

5|Conclusion

In this paper, we have investigated a ladder-shaped filter with multiple real parameters and established
a generalized Shannon-type sampling theorem for a class of non-bandlimited signals. The corresponding
reconstruction kernel, the generalized Sinc function Sinc,(t), is derived from a Blaschke product and offers
flexible spectrum matching capabilities. Through a series of numerical experiments, we have validated the
theoretical findings and demonstrated the practical advantages of the proposed method in both synthetic and
real-world scenarios.
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Summary of Main Results. Synthetic signal reconstruction. We first generated a test signal belonging to the
space Gq using a known parameter vector ag e = [0.2,0.5,0.8]. Reconstruction with the same multi-parameter
kernel achieved an RMSE of 10™4, confirming the exact recovery property stated in Theorem 3.1. In contrast,
the classical Sinc kernel and a single-parameter kernel produced errors of orders 1072 and 1073, respectively,
highlighting the superiority of matching the signal’s spectral structure.

I-XSincREFFEEEEXIL

RIaES
- 428 Sinc (RMSE=4.03e+00)
-~ EAS% Sinc (RMSE=3.56e+00)
eer B8 Sinc (RMSE=0.00e+00)
o RER

-30 -20 -10 0 10 20 30

754

5.0 1

25

0.0 1

ft)

-2.51

-5.0 1

<754

-10.0 1

Figure 1. Comparison of reconstruction results on a synthetic signal. Top: full waveform;
bottom: zoomed view. The multi-parameter Sinc (blue dotted) almost perfectly overlaps the
ground truth, while classical and single-parameter Sinc exhibit significant deviations.

Real ECG signal reconstruction. We applied the proposed method to the PTB-XL database. Using a
fixed three-parameter kernel (a; = 0.8237, as = 0.8259, a3 = 0.8366) optimized from one record, we achieved an
average RMSE reduction of 55.4% over 20 ECG records compared to the classical Sinc interpolation (0.0377 vs.
0.0846). This demonstrates the effectiveness of the generalized Sinc in capturing the non-bandlimited nature of
ECG signals.

Performance under different compression ratios. We further evaluated the methods under compression
ratios of 2:1, 4:1, and 8:1. The three-parameter generalized Sinc consistently outperformed the classical Sinc
across all ratios. Compared to cubic spline interpolation, the generalized Sinc showed slightly higher RMSE
at 2:1 (0.0377 vs. 0.0319) but became superior at 4:1 (0.0877 vs. 0.0917) and 8:1 (0.1048 vs. 0.1226). This
indicates that the proposed method is more robust to severe subsampling, making it suitable for low-power,
long-term monitoring applications.

Adaptive parameter selection via AFD principle. Inspired by the Adaptive Fourier Decomposition (AFD)
greedy selection, we implemented an automatic parameter selection method that sequentially chooses the best
single parameter minimizing the residual reconstruction error. On 10 ECG records (compression ratio 4:1), the
AFD method used an average of 5 parameters and achieved an RMSE of 0.0892, slightly better than the fixed
three-parameter setting (0.0918), with an improvement of 2.8%. This shows that the adaptive strategy can be
a viable alternative when the signal characteristics are unknown, though the fixed m=3 offers a good balance
between complexity and accuracy.

Discussion and Limitations. The proposed method bridges the gap between classical sampling theory and
practical non-bandlimited signal processing. Its main advantages are:
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e Theoretical soundness: Built on a rigorous sampling theorem for a broader signal class.

e Flexibility: The multi-parameter kernel can adapt to various spectral shapes via optimization or greedy
selection.

e Robustness: Performs well under subsampling conditions where traditional methods fail.

However, some limitations should be acknowledged. First, the parameter optimization (especially for m > 3) is
computationally demanding and may require global search algorithms. Second, the choice of m is data-dependent;
although m = 3 worked well for ECG, other signals may need different settings. Third, the current experiments
are limited to ECG signals; further validation on other types of non-bandlimited signals (e.g., speech, seismic) is
desirable.

Future Work. Future research directions include:

(1) Developing faster and more stable parameter estimation techniques, possibly using machine learning or
adaptive algorithms.

(2) Extending the method to multi-channel signals and multidimensional data.

(3) Exploring the application in real-time biomedical monitoring devices, where low-power, high-accuracy
reconstruction is critical.

(4) Comparing with other advanced sparse reconstruction methods (e.g., compressive sensing) under more
challenging conditions.

In summary, the generalized Sinc function with multiple parameters provides a powerful and mathematically
principled tool for sampling and reconstructing non-bandlimited signals. Our experimental results confirm its
theoretical validity and practical potential, paving the way for its adoption in various engineering fields.
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